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CO-ISOMETRIC WEIGHTED COMPOSITION OPERATORS ON HILBERT SPACES OF
ANALYTIC FUNCTIONS
MARÍA J. MARTÍN, ALEJANDROMAS, ANDDRAGAN VUKOTIC´
ABSTRACT. We consider a very general family of Hilbert spaces of analytic functions in the unit
disk which satisfy only a minimum number of requirements and whose reproducing kernels
have the usual natural form. Under such assumptions, we obtain a necessary and sufficient
condition for a weighted composition operator to be co-isometric (equivalently, unitary) on
such a space. The result reveals a dichotomy identifying a specific family of weighted Hardy
spaces as the only ones that support non-trivial operators of this kind.
1. INTRODUCTION
1.1. Weighted composition operators. Let D denote the unit disk in the complex plane. For
a function F analytic in D and an analytic map φ of D into itself, the weighted composition
operator (or simply WCO) WF,φ with symbols F and φ is defined formally by the formula
WF,φ f = F ( f ◦φ) = MFCφ f as the composition followed by multiplication. Such operators
have been studied a great deal for various reasons. Besides their connections with some im-
portant problems it is well-known that, in analogy with the classical theorem of Banach and
Lamperti, the surjective linear isometries of all (non-Hilbert) Hardy and weighted Bergman
spaces are operators of this type [F], [Kl].
1.2. Co-isometric and unitary operators. A linear isometry of a Banach space is a linear op-
erator T such that ‖T f ‖ = ‖ f ‖ for all f in the space. On a Hilbert space this is equivalent to
T ∗T = I ; if the Hilbert space isometry is also onto, it is called a unitary operator and is char-
acterized by the property T ∗T = TT ∗ = I . In general, Hilbert spaces have plenty of unitary
operators (e.g., permuting the elements of an orthonormal basis gives such transformations)
so it is of interest to know when an operator of some specific type (such as WCO) is unitary.
Here we study the question of when aWCO has the (apparently weaker) property of being co-
isometric: TT ∗ = I , meaning that T ∗ is an isometry. We show that in this case the properties
of being co-isometric and being unitary turn out to be equivalent.
1.3. Some recent results. Isometric multiplication operators on the Hardy spaces, weighted
Bergman spaces, or weighted Dirichlet spaces were characterized in [ADMV]. Characteri-
zations of composition operators on the Dirichlet space that are unitary (which is simple)
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and isometric (which is more involved) were given in [MV]. Isometric WCOs on weighted
Bergman spaces have been recently described by Zorboska [Z1]. Isometric WCOs on non-
Hilbert weighted Bergman spaces were discussed in Matache’s paper [M], expanding upon
the classical work [F]. Li et al. [LNNSW] studied normal WCOs on weighted Dirichlet spaces.
Bourdon and Narayan [BN] studied the normal WCOs and described the unitary WCOs on
theHardy space H2. Le [L] considered theWCOs on a general class of weighted Hardy spaces,
denoted by Hγ, whose reproducing kernel is of the form (1−wz)−γ and which enjoy certain
conformal properties. Besides describing when an adjoint of such an operator is again of the
same type, he characterized the unitary operators among them (in the context of the unit
ball), showing that this is equivalent to the property of being co-isometric. Zorboska [Z2]
proved several related general results for Hilbert spaces of holomorphic functions in several
variables defined by certain properties of their kernels.
1.4. Statement of our main result. Focusing on the case of one variable and the unit disk, we
generalize several results mentioned above by describing the co-isometric operators among
the WCOs on the general weighted Hardy spaces whose kernel has the form
∑
n γ(n)(wz)
n
with γ(n) > 0. This includes many other spaces besides the Hγ mentioned above (and also
many spaces in one variable other than those satisfying the properties considered in [Z2]; cf.
p. 156 and p. 163 there).
Our main result, Theorem 2, shows that a boundedWCO in any of the spaces considered is
co-isometric if and only if it is unitary, if and only if one of the following cases occurs:
• φ is a disk automorphismand F is determined by an explicit formula, depending onφ
and the reproducing kernel, precisely when H is one of the spaces Hγ,
• for all the remaining spaces considered, theWCOmust be of trivial type: φ is a rotation
and F is a constant function of modulus one.
This shows a sharp contrast between the spaces Hγ and the remaining ones.
Because of the generality considered here and the fact that the formula for the kernel is
not as explicit as in the usual cases studied in the earlier papers, several standard tools are
no longer available. Hence the proofs become more involved and additional arguments are
needed. Actually, we split the proof into different partial results because of its length and
according to the pertinent cases. An important issue in the proofs is whether the reproducing
kernel is bounded (cf. Theorem 4) or unbounded on the diagonal of the bidisk (cf. Theorem 5
and Theorem 7).
Another novel point of the present paper is the use of compositions of WCOs in order to
“move points around the disk” (Lemma 6) in order to produce a recurrent formula obtained
from a power series expansion, valid on a whole interval instead of just at one point as ob-
tained in the initial stage of the proof of Theorem 7. This leads to an explicit identification
of the spaces from the family Hγ as the only spaces that allow non-trivial examples of co-
isometricWCOs.
1.5. Some remarks. Since every unitary operator is invertible, results on invertibility ofWCOs
could in principle be relevant in this context. Most recently, in [AV] two different theorems
were proved, showing that in every functional Banach space in the disk that satisfies one of
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the two sets of five axioms listed there, a WCO is invertible if and only if its symbols F and
φ have certain properties that one would naturally expect. However, these theorems do not
apply to every natural space of analytic functions. One example of a Hilbert space that satis-
fies these five axioms but is not included among the spaces considered in [L] is the Dirichlet
space. Nonetheless, it can be seen that the invertibility results which give a lot of information
on the symbols, even in this special case of the Dirichlet space, still require additional non-
trivial work so as to deduce the complete information about the exact structure of F and φ. It
is precisely thiswork thatwill be done here and inmuch greater generality, as ourmain results
show.
2. REPRODUCING KERNEL HILBERT SPACES: THE GENERAL SETTING
2.1. An important family of weighted Hardy spaces. Before discussing the general weighted
Hardy spaces H defined axiomatically, we first single out among them an important family
of spaces Hγ whose reproducing kernel is given by the formula
(1) Kw (z)=
1
(1−wz)γ
=
∞∑
n=0
γ(n)(wz)n , z,w ∈D ,
where the sequence (γ(n))∞n=1 is defined as
(2) γ(n)=
Γ(n+γ(1))
Γ(γ(1))n!
=
B(γ(1),n!)
n+1+γ(1)
, n ≥ 1, γ(0)= 1, γ(1)= γ> 0.
This scale of spaces includes the following well-known spaces:
• the standard Hardy space H2, choosing γ(n)= 1 for all n ≥ 0, Kw (z)= (1−wz)−1;
• the (larger) standardweighted Bergman spaces A2γ(1)−2, when γ(1)> 1, where the usual
Bergman space A2 corresponds to the values γ(n)= n+1 for n ≥ 0, Kw (z)= (1−wz)−2;
• the (smaller) weighted Dirichlet spaces Dγ(1), when γ(1)< 1.
Note that the standard unweightedDirichlet spacesD of the functionswith square-integrable
derivative (with respect to the area measure) does not belong to this scale.
Thanks to the nice conformal properties of the spacesHγ, it can be shown thatwheneverφ
is a disk automorphism (an injective analytic function fromD onto itself) and F =µ(φ′)γ/2, for
some constantµwith |µ| = 1, the inducedWCOWF,φ is unitary; see [L, Proposition 3.1]. More-
over, building upon previous results by Bourdon and Narayan [BN], T. Le [L, Corollary 3.6]
showed that these are the only co-isometries (equivalently, the only unitary operators) among
the WCOs on the spaces Hγ. While he did this in a more general context of the unit ball of
C
n , here we will limit our attention to the case of the unit disk but considering much more
general spaces.
2.2. Weighted Hardy spaces. In this paper, we are interested in general Hilbert spaces H of
analytic functions in D on which all point evaluations are bounded. Such spaces have re-
producing kernels; given w ∈ D, the reproducing kernel Kw : D→ C is a function such that
f (w)= 〈 f ,Kw〉 for all f ∈H . Two important historical references on reproducing kernels are
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[A] and [B]. Reproducing kernels are often viewed as functions of two complex variables (de-
fined in the bidisk D×D) by writing Kw (z)=K (z,w). Clearly, Kw (z)=Kz(w), for all z, w ∈D.
Obviously, Kz(z) = 〈Kz ,Kz〉 = ‖Kz‖2 ≥ 0 for all z ∈ D. Actually, the restriction Kz(z) to the
diagonal {(z,w) : z =w} of the bidiskD×D is often a radial function (meaning that it depends
on |z| only). Such spaces are of special interest. In what follows, wewill consider a large family
of Hilbert spacesH of analytic functions in the disk fromwhich only the following axiomswill
be required:
• the point evaluations are bounded (that is,H is a reproducing kernel Hilbert space);
• the monomials {zn : n = 0,1,2, . . .} belong to H and form a complete orthogonal set
(in the usual sense of maximal orthogonal sets in spaces with inner product, which is
then equivalent to the density of the polynomials);
• we also assume the normalization for the constant function one: ‖1‖ = 1.
As Proposition 1 formulated below shows, if these conditions are fulfilled then H will also
satisfy several other conditions; among them is the fact that the reproducing kernel forH has
the form
(3) Kw (z)=
∞∑
n=0
γ(n)(wz)n
for certain numbers γ(n) > 0, where γ(0) = 1. Actually, computing the inner product of the
monomial zn with the kernel easily yields that γ(n) = ‖zn‖−2. Note also that the restriction
Kz(z) =
∑∞
n=0 γ(n)|z|
2n is a positive and increasing function of |z|. By our normalization we
also have K0(z)≡ γ(0)= 1.
As can be seen (and will actually be hinted in some proofs below), this readily implies the
computation [CM, Section 2.1] that gives the norm of a function in H :
f (z)=
∞∑
n=0
anz
n , ‖ f ‖2 =
∞∑
n=0
1
γ(n)
|an |
2 .
2.3. About the notation used. We remark that the spacesH considered above are often called
weighted Hardy spaces. These spaces and some important operators on themwere studied in
detail by Shields [S] and later by many followers.
It is worthmentioning that herewe are centered on the role played by the kernels and there-
fore use mainly the numbers γ(n) whereas in many other texts the emphasis is on the norm
formula in terms of the Taylor coefficients, so these spaces are denoted there by H2()
¯
, where
the obvious relationship between the numbers (
¯
n) and γ(n) is as follows:
γ(n)=
1
β(n)2
, n ≥ 0.
We refer the reader to the standard reference [CM].
2.4. Equivalence between basic axioms. To fix the notation, the rotations will be denoted
by Rλ; for |λ| = 1, let Rλ(z) = λz, for all z ∈ D. The induced composition operator is CRλ :
CRλ f = f ◦Rλ, for f ∈H .
The following simple result shows that one does not need to assume any further axioms that
our spaces should satisfy in order to obtain the results that will be proved here. Moreover, it
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shows that under only a minimum set of assumptions we can produce examples of unitary
WCOs on our spaces. We include the (quite simple) proof because of the lack of a specific
reference.
PROPOSITION 1. LetH be aHilbert space of analytic functions inD that contains the polynomi-
als and on which all point evaluations are bounded. The following statements are equivalent:
(a) Themonomials {zn : n = 0,1,2, . . .} form a complete orthogonal set in H .
(b) The reproducing kernel has the form (3), where γ(n)= ‖zn‖−2.
(c) The norm of a function f ∈H whose Taylor series in D is f (z)=
∑∞
n=0 anz
n is given by
‖ f ‖2 =
∞∑
n=0
|an |
2
‖zn‖2 .
(d) The rotations Rλ induce isometric composition operators CRλ on H .
(e) The rotations Rλ induce unitary composition operators CRλ on H .
(f) The constant multipliers of modulus one (|µ| = 1) and rotations Rλ induce unitary
weighted composition operators WRµ,Rλ on H .
Proof. (a)⇒ (b): This is proved in [CM, Theorem 2.10].
(b)⇒ (a): Using the definitionof the reproducing kernelKw (as a function of z), we obtain
wn = 〈zn ,Kw (z)〉 = 〈z
n ,
∞∑
m=0
γ(m)wmzm〉 =
∞∑
m=0
γ(m)〈zn ,zm〉wm , n ≥ 0.
The left-hand side is an analytic function of w in D and the right-hand side is also such: there
is no need to check the radius of convergence since the function there is a uniform limit of
polynomials on compact subsets of D. It follows that 〈zm ,zn〉 = 0 for allm 6= n.
In order to complete the proof of (a), we ought to check that the monomials form a com-
plete orthogonal system. Let f ∈H be a function orthogonal to all monomials and write f as
its Taylor series: f (z)=
∑∞
m=0 amz
m , z ∈D. Then
0= 〈 f ,zn〉 =
∞∑
m=0
am〈z
m ,zn〉 = an‖z
n
‖
2
for all n ≥ 0, hence f ≡ 0. This proves that the orthogonal system is complete.
(a)⇒ (c): Given an analytic function f with f (z)=
∑∞
n=0 anz
n , z ∈D, the square of its norm
is
‖ f ‖2 = 〈
∞∑
m=0
amz
m ,
∞∑
n=0
anz
n
〉 =
∞∑
m=0
∞∑
n=0
aman〈z
m ,zn〉 =
∞∑
n=0
|an |
2
‖zn‖2 .
(c)⇒ (d): Let λ be a complex number of modulus one. Since CRλ f = f (λz), by the norm
formula from the assumption (c) we have
‖CRλ f ‖
2
=
∞∑
n=0
|λnan |
2
‖zn‖2 = ‖ f ‖2 .
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(d)⇒ (a): On the one hand, by our assumptions, for any |λ| = 1 and all non-negative
integersm and n, we have that
〈λmzm ,λnzn〉 = 〈zm ,zn〉 .
Since we also have
〈λmzm ,λnzn〉 =λm−n〈zm ,zn〉 ,
it suffices to choose λ with |λ| = 1 and λm−n 6= 1 to deduce that the monomials form an or-
thogonal set in H .
The completeness of themonomials can be proved using the same argument as before and
we avoid repetitions.
(d)⇒ (e): It suffices to notice that CRλCRλ f = f for all f ∈H , hence CRλ is onto. Being a
surjective isometry, it is a unitary operator.
(e)⇒ (f): Trivially, multiplication by a constant of modulus one yields a surjective isome-
try (hence a unitary operator) and the product of two unitary operators is unitary.
(f)⇒ (d): This assertion follows trivially by choosing the constant multiple to be one. 
3. CHARACTERIZATIONS OF CO-ISOMETRIC WCOS
3.1. Statement of the main theorem. We are now ready to formulate our main result.
THEOREM 2. LetH be a Hilbert space whose reproducing kernel has form (3) and letWF,φ be a
boundedWCO on H . ThenWF,φ is unitary if and only if it is co-isometric; that is, if and only if
WF,φW
∗
F,φ = I .
Moreover, any of these two properties is further equivalent to the following:
(a) φ is a disk automorphism and F = µ(φ′)γ/2 = ν Ka
‖Ka‖
, where a = φ−1(0) and µ and ν are
constants such that |µ| = |ν| = 1, in the case whenH is one of the spaces Hγ considered
above.
(b) φ is a rotation and F is a constant function of modulus one, whenever H does not
belong to the scale of spaces Hγ.
We shall refer to the operators given in the case (b) as to the trivial ones. It is interesting
to notice that there are results in the literature with a similar flavor, although in a somewhat
different context; cf., for example, Proposition 4.3 and Corollary 9.10 of [H]. The recent paper
[Z2] for a general class of spaces in the context of several variables (where certain conformal
properties of the kernels are again assumed) contains some related ideas and similar results.
The rest of the paper is devoted to the proof of this result which we split up into a sequence
of auxiliary statements in order to make it easier to follow. We begin by seeing that the as-
sumption thatWF,φ is a co-isometry imposes certain important properties of the symbols.
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3.2. Basic information on the symbols of WF,φ. As a preliminary information that will be
needed later, we observe the following. Using the basic properties of the inner product and
applying the operator to a reproducing kernel, we obtain
〈 f ,W ∗F,φKw 〉 = 〈WF,φ f ,Kw〉 = 〈F ( f ◦φ),Kw 〉 = F (w) f (φ(w))
= F (w)〈 f ,Kφ(w)〉 = 〈 f ,F (w)Kφ(w)〉 , f ∈H , w ∈D .
Hence we have the formula for the action of the adjoint of a WCO on reproducing kernels:
(4) W ∗F,φKw = F (w)Kφ(w) , w ∈D .
Using this, we can show that the assumption that a WCO is co-isometric already provides
some rigid information on the symbols F and φ. As is usual, by a univalent function in D we
mean a function analytic in the disk which is one-to-one there.
PROPOSITION 3. LetH be a general weighted Hardy space (as in Proposition 1) and letWF,φ be
a boundedWCO on H . If WF,φ is co-isometric then F is given by
(5) F (z)=
1
F (0)Kφ(0)(φ(z))
, for all z ∈D ,
and φ is a univalent function.
Proof. Since by assumptionWF,φW ∗F,φ = I , using (4), we obtain
Kw =WF,φW
∗
F,φKw =WF,φ
(
F (w)Kφ(w)
)
= F (w)WF,φKφ(w) = F (w)F (Kφ(w) ◦φ) .
Thus,
(6) F (z)F (w)Kφ(w)(φ(z))=Kw (z) , for all z,w ∈D .
Takingw = 0, the right-hand side is ≡ 1, so (5) follows immediately.
We now show that φ is univalent. To this end, let z1, z2 ∈D be such thatφ(z1)=φ(z2). Then
it follows that F (z1)= F (z2): indeed, by (5) we have
F (z1)=
1
F (0)Kφ(0)(φ(z1))
=
1
F (0)Kφ(0)(φ(z2))
= F (z2) .
Next, using (6) three times but with different values of z and w , we get
Kz1(z1) = |F (z1)|
2Kφ(z1)(φ(z1)) ,
Kz2(z2) = |F (z2)|
2Kφ(z2)(φ(z2)) ,
Kz2(z1) = F (z1)F (z2)Kφ(z2)(φ(z1)) .
By our choice of z1 and z2, the right-hand sides of the last three equations all coincide, hence
Kz1(z1)=Kz2(z2)=Kz2 (z1) .
Recall that for any kernel given by (3) the function Kz(z) is a strictly increasing function of |z|,
hence from the first equality above it follows that |z1| = |z2|. If z1 = 0, it follows that also z2 = 0
and we are done. Thus, we may assume that |z1| > 0.
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Next, writing z2 = λz1 with |λ| = 1 and using the remaining equality and equation (3), we
obtain
∞∑
n=1
γ(n)|z1|
2n
=
∞∑
n=1
γ(n)λ
n
|z1|
2n .,
which yields
∞∑
n=1
γ(n)Re(1−λ
n
) |z1|
2n
= 0.
Since each term in the sum on the left is non-negative and γ(n)> 0 and |z1| > 0, it follows that
Re(1−λ
n
)= 0
for all n ≥ 1, which implies λ= 1, hence z1 = z2. This proves that φ is univalent. 
It should be noted that formula (6) has already appeared before in the literature; see Zor-
boska [Z2, Proposition 1].
3.3. Kernels bounded on the diagonal. Proposition 3 proved above will help us to handle the
simpler case of the kernel bounded on the diagonal. We will refer to {(z,w) ∈ D×D : z = w}
as the diagonal of the bidiskD×D. It will be relevant to our proofs to distinguish between the
kernels that are bounded on the diagonal and those that are not.
A simple example of the kernel of type (3) which is bounded on the diagonal is
Kw (z)= 1+wz+
∞∑
n=2
wz
n(n−1)
= 1+2wz− (1−wz) log
1
1−wz
.
In relation to an argument mentioned in the proof below, it is convenient to recall that
reproducing kernels may have zeros in the bidisk (on or off the diagonal); this question is rel-
evant in the theory of one and several complex variables. In relation to the kernels considered
here, we mention the recent reference [P].
THEOREM 4. LetH be a general weightedHardy space (as in Proposition 1) whose reproducing
kernel is bounded on the diagonal of the bidisk, and let WF,φ be a bounded WCO on H . Then
the following statements are equivalent:
(a) WF,φ is unitary.
(b) WF,φ is co-isometric.
(c) F is a constant function of modulus one and φ is a rotation.
Proof. Trivially, (a) implies (b). It is clear from Proposition 1 that (c) implies (a). Thus, it only
remains to show that (b) implies (c).
Suppose that WF,φ is co-isometric. The assumption that the kernel is bounded on the di-
agonal of the bidisk is equivalent to saying that
∑∞
n=0γ(n)<+∞. TheWeierstrass test and for-
mula (3) readily imply that the kernel extends continuously to the closed bidiskD×D. Since in
principle the kernel could have zeros, in view of (5) we need an additional argument in order
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to show that F extends continuously to D. This can be seen as follows: for every fixed z ∈ D,
the function Kz is continuous in D. Note also that
|F (z)| = |〈F,Kz〉| ≤ ‖F‖‖Kz‖ = ‖F‖
√
Kz (z)≤ ‖F‖max
ζ∈D
√
Kζ(ζ) ,
for all z ∈D, hence F is bounded in the disk and therefore also in D. Equation (5) implies that
Kφ(0)(φ(z)) is bounded away from zero in the disk and, since it is continuous in D, it is also
bounded away from zero in the closed disk. This, togetherwith (5), shows thatF is continuous
in D.
In view of Proposition 3, settingw = z in (6), we know that
(7) |F (z)|2 =
Kz(z)
Kφ(z)(φ(z))
, z ∈D .
Let ζ ∈T be arbitrary. By letting z→ ζ, we see immediately that |F (ζ)| ≥ 1 since |φ(ζ)| ≤ 1= |ζ|
and Kz(z) is an increasing function of |z|. Thus, |F | ≥ 1 in the closed disk D. On the other
hand, from (7) we get
|F (0)|2 =
1
Kφ(0)(φ(0))
≤ 1
and the maximummodulus principle (applied to 1/F ) implies that F is identically constant
and has modulus one.
In view of (7) we have Kz(z) = Kφ(z)(φ(z)) for all z ∈ D. Taking into account the form (3) of
the kernel, this means that
1+
∞∑
n=1
γ(n)|z|2n = 1+
∞∑
n=1
γ(n)|φ(z)|2n .
Since 1+
∑∞
n=1γ(n)r
2n is a strictly increasing function of r , it follows that equality above is
possible if and only if |φ(z)| = |z|, for every z ∈D. But this implies that φ is a rotation. 
3.4. Kernels unbounded on the diagonal. For the kernels of the general form (3) consid-
ered here, the assumption that Kw (z) is unbounded on the diagonal obviously means that
lim|z|→1− Kz (z)=+∞, which is easily seen to be equivalent to
∑∞
n=0γ(n)=+∞.
It is relevant to note that for any of the spaces Hγ defined earlier for which (2) is satisfied,
the reproducing kernel is always unbounded on the diagonal since γ(1)> 0. An example of a
spaceH not in the familyHγ andwhose kernel is unbounded on the diagonal is the classical
Dirichlet space (renormed) with
γ(n)=
1
n+1
, Kw (z)=
1
wz
log
1
1−wz
.
Indeed, it can be checked that (2) is not fulfilled in this case.
We will see that, unlike in the previous case, for certain kernels of this type non-trivial uni-
tary WCOs will exist.
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THEOREM 5. Let H be a general weighted Hardy space as in Proposition 1 whose reproducing
kernel is unbounded on the diagonal. If WF,φ is co-isometric on H then φ is a disk automor-
phism.
In the case when φ(0) = 0 (in particular, whenever φ is a rotation), F must be a constant of
modulus one and the induced operator WF,φ is unitary on H .
Proof. We recall that an inner function is a bounded function with radial limits of modulus
one almost everywhere on the unit circle T. From the basic factorization theory of Hardy
spaces [D, Chapter 2 and Theorem 3.17], it follows that a univalent inner function must be
a disk automorphism; note that this can also be concluded by pre-composing with disks au-
tomorphisms and invoking Frostman’s theorem. We already know from Theorem 4 that φ is
univalent. Thus, it suffices to show that it is also an inner function.
We certainly know that φ is an analytic self-map of D so it must have radial limits almost
everywhere and these limits have modulus at most one. Consider the set
E = {ζ ∈T : |φ(ζ)| < 1}
and show that its arc length measure is m(E ) = 0. Let us look again at formula (7). If ζ ∈ E ,
since the kernel is unbounded on the diagonal, we have limz→ζKz(z) = +∞. On the other
hand, φ(ζ) ∈ D by our definition of E , hence the value Kφ(ζ)(φ(ζ)) is defined and finite. It
follows that F (z)→∞ as z→ ζ. Now in view of (5), we obtain Kφ(0)(φ(ζ))= 0. Since ζ ∈ E was
arbitrary, this holds for all ζ ∈ E .
Now assume the contrary to our assumption:m(E )> 0. First note that, by our definition of
E , the set φ(E ) is contained in D and
(8) E =
⋃
a∈φ(E)
{ζ ∈T : φ(ζ)= a} .
Indeed, it is readily verified that each of the two sets is contained in the other.
Next, we claim thatm({ζ∈T : φ(ζ)= a})= 0, for every a ∈φ(E ). We know thatφ is univalent,
hence it cannot be identically constant. And since φ ∈ H∞, it is impossible for φ(ζ) = a to
hold on a set of positive measure on T by a theorem of Privalov (see [D, Theorem 2.2] or [Ko,
Chapter III] for different versions of it). This proves the claim.
Now we can distinguish between two cases, depending on the cardinality of the set φ(E ). If
φ(E ) is countable thenm(E ) = 0 by (8), as claimed. And if φ(E ) is uncountable, we argue as
follows. The set φ(E ) is contained in D and has at least one accumulation point in D. (Other-
wise, each compact diskDn = {z : |z| ≤ 1−
1
n
}, n ∈N, would contain only finitely many points
of φ(E ) and since D = ∪∞n=1Dn , the set φ(E ) would be countable.) But, as we have noticed
above, the analytic function Kφ(0) vanishes on φ(E ) and is therefore identically zero in D by
the uniqueness principle, which is impossible.
Thus, we conclude thatm(E ) = 0, hence φ is an inner function. This completes the proof
that φ is an automorphism.
As for the final part of the statement, ifφ(0)= 0 the function F must be a constant of modu-
lus one: indeed, equation (5) togetherwithK0(z)≡ 1 shows that F ≡ 1/F (0). Writing F ≡λ, it is
immediate that |λ| = 1. Now, it follows directly from Proposition 1 that the induced operator
Wλ,φ is actually unitary. 
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In what follows we will rely on the properties of the disk automorphisms. One basic type
of automorphisms are the rotations Rλ, where |λ| = 1. Since our spaces are supposed to sat-
isfy the axioms listed in Lemma 1, it follows that the induced composition operators CRλ are
unitary on H . The other basic type of automorphisms are the maps ϕa(z)= (a− z)/(1−az),
a ∈D; such an automorphism is an involution and exchanges the point a and the origin. As is
well-known, every disk automorphismφ is of the form φ=Rλϕa . To make the notationmore
compact, we will write ϕλ,a =Rλϕa .
The following lemma will be fundamental in proving the last theorem of this paper. It will
allow us to change from one co-isometric WCO to another operator of the same kind (acting
on the same space) in a convenient way.
LEMMA 6. Let H be a general weighted Hardy space as in Proposition 1 and let WF,φ be a co-
isometric WCO on H such that φ=ϕλ,a , for some λ with |λ| = 1, a ∈D. Then for all b ∈ [0, |a|]
there exists a point c ∈D with |c| = b, a constant µ with |µ| = 1, and an analytic function G in
the disk such thatWG ,ϕµ,c is also a co-isometric WCO on H .
Proof. It is easy to check directly that the product of two co-isometric operators is again co-
isometric. Thus, whenever |τ| = 1 and WF,φ is co-isometric, the operator CRτWF,λϕa is also
co-isometric. In view of the simple identity for compositions of automorphisms:
ϕλ,a(τz)=ϕτλ,τa(z) ,
we obtain the following operator identity:
CRτWF,ϕλ,a =WCRτF ,ϕτλ,τa ,
so the latter WCO is a co-isometric operator for every value of τ with |τ| = 1. Thus, its square
WCRτF ,ϕτλ,τaWCRτF ,ϕτλ,τa =WG ,ϕµ,c
is also co-isometric, where
(9) G(z)= F (τz) ·F (ϕτ2λ,τa(z)) , ϕµ,c =ϕτλ,τa ◦ϕτλ,τa .
(Note that the last map must equal some ϕµ,c for some c ∈D and some µ with |µ| = 1 since it
is again a disk automorphism.)
Next, let b be an arbitrary number such that 0< b < |a|. Let F and φ be fixed as above. We
have the freedom to choose τ arbitrarily in (9) and will now show that there exists c as above
(with τ chosen appropriately) so that |c| = b. In fact, such value of c from the conditions above
can easily be computed explicitly; indeed, we must have
(ϕτλ,τa ◦ϕτλ,τa)(c)= 0,
hence ϕτλ,τa(c)= τa, meaning that
τλ
τa−c
1−aτc
= τa ,
which yields
c = τa
λτ−1
λτ−|a|2
.
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Now note that
|c| = |a|
|λτ−1|
|λτ−|a|2 |
is a continuous function of the complex parameter τ. When τ=λ, this function takes on value
0 while choosing τ=−λ yields
2|a|
1+|a|2
> |a|
as the value of the function (recall that a 6= 0 since φ is not a rotation). Since the complex
parameter τ= e i t can in turn be viewed as a continuous function of the real variable t ∈ [0,2pi],
the elementary Bolzano’s intermediate value theorem from Calculus implies that there exists
a value τ with |τ| = 1 such that |c| = b, as claimed. (Of course, the last argument could have
beenmademore explicit.) 
Wealready know fromT. Le’swork [L] thatφ is a disk automorphismand F =µ(φ′)γ/2, where
γ= γ(1) andµ is a constant such that |µ| = 1, then the induced operatorWF,φ is unitary (hence,
also co-isometric) on the spaceHγ. The next key statement identifies such spaces as the only
ones on whichWF,φ can be co-isometric if the automorphismφ is not a rotation.
THEOREM 7. Let H be a general weighted Hardy space as in Proposition 1 whose reproducing
kernel is unbounded on the diagonal, and let WF,φ be a co-isometric WCO on H . If the auto-
morphism φ is not a rotation, then there exists a positive γ (namely, γ = γ(1) in the formula
for the kernel) such that H = Hγ, a space whose coefficients γ(n) satisfy (2) and whose ker-
nel, thus, is of the form (1). Moreover, F = µ(φ′)γ/2 = ν Ka
‖Ka‖
, where a = φ−1(0) and µ and ν are
constants such that |µ| = |ν| = 1.
Proof. Let φ= ϕλ,a , for some a ∈ D, a 6= 0, and λ with |λ| = 1. Put w = a in (6) and recall that
φ(a)= 0 to obtain
F (z)=
Ka(z)
F (a)
.
In what follows, we will always write simplyK ′a(z) instead of
∂Ka
∂z
(z). After differentiationwith
respect to z, we obtain
F ′(z)=
K ′a(z)
F (a)
.
Also, note that F (0)= 1/F (a).
On the other hand, recalling that φ(0)=λa and differentiating (5) with respect to z, we get
F ′(z)=
−φ′(z)K ′
λa
(φ(z))
F (0)K 2
λa
(φ(z))
=
λ(1−|a|2)K ′
λa
(φ(z))
F (0)(1−az)2K 2
λa
(φ(z))
.
Equating the right-hand sides of the last two equations, taking also into account the fact that
F (0)= 1/F (a), yields
|F (a)|2(1−|a|2)
(1−az)2
=
λK 2
λa
(φ(z))K ′a(z)
K ′
λa
(φ(z))
.
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Setting z = a, we obtain
(10)
|F (a)|2
1−|a|2
=
λK ′a(a)
K ′
λa
(0)
.
Differentiation of the formula for the kernel (3) with respect to z yields
K ′w (z)= γ(1)w +
∞∑
n=2
nγ(n)wnzn−1 ,
hence
K ′a(a)= γ(1)a+
∞∑
n=2
nγ(n)a|a|2(n−1) , K ′λa(0)= γ(1)λa .
Bearing in mind that
|F (a)|2 =Ka(a)= 1+
∞∑
n=1
γ(n)|a|2n
and using (10), it follows that
1+
∞∑
n=1
γ(n)|a|2n = (1−|a|2)
(
1+
∞∑
n=2
nγ(n)
γ(1)
|a|2(n−1)
)
= 1+
∞∑
n=1
(n+1)γ(n+1)
γ(1)
|a|2n −
∞∑
n=1
nγ(n)
γ(1)
|a|2n
(after regrouping the terms). From here we obtain that
(11)
∞∑
n=1
γ(n)(n+γ(1))|a|2n =
∞∑
n=1
(n+1)γ(n+1)|a|2n .
Note that this holds only for one point a, for one given co-isometric operator FF,φλ,a . However,
an applicationof Lemma6 allows us to produce otherWCOsWG ,ϕµ,c that are also co-isometric
and with different values c instead of a so as to include all possible values of |c| with 0≤ |c| ≤
|a|, with conclusions analogous to (11). Note also an important point that, whenever c 6= 0,
the symbol ϕµ,c is not a rotation. By this construction, we obtain
∞∑
n=1
γ(n)(n+γ(1))x2n =
∞∑
n=1
(n+1)γ(n+1)x2n
for all x ∈ [0, |a|]; the case x = 0, not included initially, is easily obtained from the remaining
cases by taking the limit as x→ 0. The power series in the identity above are both even func-
tions of x that converge and coincide in [−|a|, |a|]. The uniqueness of the coefficients of a real
power series in such an interval implies that
(n+1)γ(n+1)= γ(n)(n+γ(1)) , for all n ≥ 1.
This recurrence equation is easily solved: since
γ(n+1)= γ(n)
n+γ(1)
n+1
, for all n ≥ 1,
14 M.J. MARTÍN, A. MAS, ANDD. VUKOTIC´
and the formula trivially also extends to the case n = 0 (by the fact that γ(0)= 1), we have
γ(n)=
n−1+γ(1)
n
γ(n−1) , for all n ≥ 1.
Using the standard property Γ(x +1) = xΓ(x) for all x > 0, from here we obtain by induction
the desired formula (2).
Next, we derive the formula for F in terms of φ′. First of all, we know from formula (4) that
W ∗F,φKw = F (w)Kφ(w) .
From (5), for the space is H =Hγ and φ=ϕλ,a , we have
F (z)=
1
F (0)Kφ(0)(φ(z))
=
1
F (0)
(
1−φ(0)φ(z)
)γ
=
1
F (0)
(1−|a|2)γ
(1−az)γ
.
For z = 0 this shows that |F (0)| = (1− |a|2)γ/2, hence for appropriately chosen µ and ν with
|µ| = |ν| = 1 we obtain
F (z)= ν
(1−|a|2)γ/2
(1−az)γ
= ν
Ka(z)
‖Ka‖
=µ(φ′(z))γ/2 ,
which completes the proof. 
Finally, putting together Theorem 4, Theorem 5, and Theorem 7 and the comments on the
results of Le preceding Theorem 7, we obtain the complete conclusions of Theorem 2.
4. FINAL REMARKS
A natural problem for further research would be to understand the isometric WCOs on the
spaces considered. This is obviously a more difficult question. For example, it does not seem
clear howone could obtain a formula like (5) in this case. Workingwith the assumption typical
of the isometries: W ∗F,φWF,φ = I , one does not seem to get muchmore than the formula
W ∗F,φKw = F (w)Kφ(w)
already proved here. But this does not seem to imply in any obvious way a general formula for
W ∗F,φ f , f ∈H , nor a formula like (5).
Still a harder question would be to describe the normal weighted composition operators
on the general Hilbert spaces of analytic functions. Such operators have been studied but not
fully described even onH2 in [BN], except in the case when the fixed point of the composition
symbol belongs to the disk. Interesting general results have been obtained for the spaces Hγ
in [L] and also for general spaces in [Z2]. To the best of our knowledge, even in one variable,
a complete answer is far from being known for the general family of spaces considered in this
paper.
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